Abstract. It is shown that if a nonseparable space lp (κ) is isomorphic to a subspace of a Banach space X with an uncountable symmetric basis then X is isomorphic to lp (dim(X))
Introduction
J. Lindenstrauss showed [1] that every separable Banach space with an unconditional basis may be isometricaly embedded into a Banach space with symmetric basis.
This result cannot be extended to a nonseparable case. S. Troyanski [2] , by using some special properties of norms of nonseparable spaces l 1 (κ) and c 0 (κ), proved that every Banach space X with an (uncountable) symmetric basis, which contains a subspace isomorphic to l 1 (κ) (resp., c 0 (κ)) is itself isomorphic to l 1 (dim(X)) (resp, to c 0 (dim(X))). From this result immediately follows that neither l 1 (κ) ⊕ c 0 nor l 1 ⊕ c 0 (κ), where κ is an uncountable cardinal, cannot be isomorphicaly embedded in a space with symmetric basis.
In the paper it will be shown that the same result is remain true if in its formulation a space l 1 (κ) (or c 0 (κ)) will be replaced with l p (κ) for some p ∈ (0, ∞).
Proofs are based on a different idea than Trojanski's one. So, it will be obtained an independent proof of results of [2] .
Definitions and notations
Ordinals will be denoted by small Greece letters α, β, γ. Cardinals are identified with the least ordinals of a given cardinality and are denoted either by τ, κ or by ω (may be, with indices). As usual, ω and ω 1 denote respectively the first infinite and the first uncountable cardinals (=ordinals).
Let κ be an infinite cardinal. A κ-sequence {x α : α < κ} of elements of a Banach space X is said to be 1-unconditional if for every finite subset A ⊂ κ, every set of scalars {a i : i ∈ A} and every choice of signs {ε i ∈ {+, −} :
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The sequence {x α : α < κ} is called symmetric if it is 1-unconditional and every substitution of elements of A does not change the norm of a sum i∈A a i x i , i.e. i∈A a i x i = i∈A a σi x σi for any substitution σ : A → A. Certainly, if a sequence is 1-unconditional then its members are linearly independent.
For a subset X 0 of a Banach space X a symbol lin(X 0 ) denoted a linear span (i.e., a set of all finite linear combinations of elements) of X 0 .
A symbol span (X 0 ) denotes a closure of lin(X 0 ) (it may be used also an equivalent denotation: span (X 0 ) = lin(X 0 )).
Let 1 ≤ C < ∞. Two κ-sequences {x α : α < κ} and {y α : α < κ} are said to be C-equivalent if spaces span ({x α : α < κ}) and span ({y α : α < κ}) are isomorphic, and for every finite subset A ⊂ κ and every set of scalars {a i : i ∈ A}
These sequences are said to be equivalent if they are C-equivalent for some C ∈ [1, ∞).
Let X be a Banach space. A κ-sequence {x α : α < κ} ⊂ X is said to be an unconditional (resp., symmetric) bases of X if it spans X (i.e., span ({x α : α < κ}) = X) and the sequence {x α : α < κ} is equivalent to a some 1-unconditional (resp., symmetric) sequence {y α : α < κ}.
Classical examples of spaces with symmetric bases are spaces l p (I) where p ∈ (0, ∞); I-an infinite set. If card(I) = ω, then ω may be omitted: spaces l p (ω) = l p are exactly Riesz sequence spaces.
If card(I) = κ is an uncountable cardinal, then l p (I) def = l p (κ) is defined as a Banach space of all such families (a i ) i∈I = {a α ∈ R : α ∈ I}, that (a i ) i∈I p = sup{
Let e α = {δ αβ : β < κ}, where δ αβ be a generalized Kronecker symbol :
A sequence {e α : α < κ} forms a symmetric (so called, standard ) basis in each space l p (κ) (p ∈ [1, ∞)).
Let X, Y be Banach spaces; p ∈ [1, ∞). A direct l p -sum X ⊕ p Y is a Banach space of all pairs {(x, y) : x ∈ X; y ∈ Y }, equipped with pointwise linear operations and with a norm
Notice that a norm N on the linear space X ⊕ Y = {(x, y) : x ∈ X; y ∈ Y } may be defined in another way (a corresponding Banach space will be denoted by X ⊕ N Y ). This is not the case when infinite direct sums are considered. Let I be a set; {X i : i ∈ I} be a collection of Banach spaces. A Banach space Z = l p (X i , I) is a space of all sequences {x i ∈ X i : i ∈ I} such that the sequence { x i Xi : i ∈ I} belongs to l p (I). A norm on Z = l p (X i , I) is given by
Instead of l p (X i , I) may be also written ( ⊕{X i : i ∈ I}) p .
The main result
Theorem 1. Let κ be an uncountable cardinal; τ ≥ κ; p ∈ [1, ∞). Let X be a Banach space with a symmetric basis {x α : α < τ } ⊂ X. If there exists an isomorphic embedding i :
Fix an infinite countable subset J ⊂ τ . E.g., let J = ω = {α : α < ω}.
Let an operator i isomorphically embeds l p (κ) into X. Without loss of generality it may be assumed that il p (κ) ⊂ X[τ \J] for the given subset J ⊂ τ . Let {e α : α < κ} be a standard basis of l p (κ). For α < κ define I α to be the least subset of τ \J with a property:
Certainly, card(I α ) ≤ ω. Without any loss of generality it may be assumed that sets I α are pairwise nonintersected.
Let {A n : n < ω} be a partition of κ on a countable number of pairwise nonintersected sets of cardinality κ:
A m ∩ A n = ∅ for m = n; κ = ∪{A n : n < ω}.
Obviously, Z n is isomorphic to l p (κ). Moreover, l p (Z n , ω) = ( ⊕Z n : n < ω}) p and l p (κ) are isomorphic too.
Let
, where the set J was chosen at the beginning of the proof. Certainly, W n and Z n are isomorphic.
As was mentioned above, l p (κ) is isomorphic to l p (Z n , ω). From [3] follows that l p (κ) and l p (W n , ω) are isomorphic too. Hence, X[J] (=X [ω] ) is isomorphic to l p . Since {x α : α < τ } is a symmetric basis of X, the space X is isomorphic to l p (τ ). Proof. If l p ⊕ l q (ω 1 ) is isomorphic to a subspace of X and X has a symmetric basis then, by the preceding theorem, X is isomorphic to l q (dim(X)). Clearly, the last space does not contain a subspace that is isomorphic to l p .
Remark 1. It is of interest to compare this result with the following of [4] (upper indices denote dimensions of corresponding spaces):
If l
is isometric to a subspace of a finite dimensional space X (m) with a symmetric basis, then m ≥ n
